N\
>
C masc@®t

Project Number: IST-026905
Project Title: Multiple-Access Space-Time Coding Testhed
Project Coordinator: C.F. Mecklenbraukef
Deliverable Number: D3.1.2
Title of Deliverable: Capacity Regions of MU-MIMO Systems
Workpackage: WP-3
Nature: R
Dissemination level: PU
Editor: Jialai Weng, Giorgio Tariccq
Authors: see list inside
Contractual Date of Deliverable: Dec. 31, 2007
Actual Date of Delivery: Dec. 31, 2007
Abstract:

The focus of this deliverable is to study the capacity redi@n, the set of jointly achievt
able rates) of multiuser MIMO systems by means of analytad simulation tools. The
first chapter introduces the main concepts about the anatyis used. The following
three chapters address the case of separately-correlateh Rading by considering
the following topics: i) transmitted signal covariance optimization in the preseoig
intended and interfering multiple antenna signalsderivation of second-order statistics
with interference, aimed to assess the outage probabilityderivation of the ergodiq
capacity region for several scenarios of interest, with matnic and asymmetric user
channel conditions. The last chapter is devoted to the figasn of the systen|
performance versus interference functions. This apprbastihe advantage of providing
a more general analysis tool, independent from specificcehafi a performance metric
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Executive Summary

This deliverable summarizes the contributions in the MASCGRP3 concerning
the study of capacity regions for the multiuser MIMO channihe main target
of WP3 is to establish and investigate the fundamental padace limits of the
multi-user(MU) MIMO systems.

We focus on MIMO channel capacity in the Shannon theoretisase The
Shannon capacity of a single-user time-invariant charsméefined as the maxi-
mum mutual information between the channel input and outphis maximum
mutual information is shown by the Shannon capacity thedieime the maxi-
mum data rate that can be transmitted over the channel vattnaily small error
probability. When the channel is time-varying, channelawdy has different def-
initions, depending on what is known about the channel staits distribution at
the transmitter and/or receiver and whether capacity issored based on aver-
aging the rate over all channel states/distributions ontaaing a constant fixed
or minimum rate. In this case, the Shannon (ergodic) cap&cithe maximum
mutual information averaged over all channel states.

The research study described in this report has been infdedmg the meth-
ods of statistical physics, developed in the last centustudy the interactions of
particles in gases, fluids, and solids. Statistical phyares multiuser communi-
cations show strong analogies from a conceptual point of.vigs a result, we
derive the asymptotic capacity of single-user and MU MIMQ@uhel by using
thereplica methodsindsuperanalysiswhich origin in the area of statistical and
theoretical physics, respectively.

We study the ergodic capacity of the asymptotic separatetyelated Rician
fading MIMO channel with interference in in ChaptrIn this chapter we con-
sider the separately-correlated Rician fading MIMO chamwiéh narrowband
interference and calculate its channel capacity with tHg bmitation that the
receive correlation matrix is common for both the intendserisignal and inter-
ference. A simple method to derive the ergodic capacity aedcbrresponding
capacity-achieving covariance matrix for a MIMO fading shal with multiuser
interference is provided. The method applies when the tadistribution is based
on the separately-correlated (Kronecker) Rician fadingleh@with common re-
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6 MASCOT D3.1.2

ceive correlation), as the number of antennas grow asyroaligtlarge. Numeri-
cal results are provided to assess the accuracy of the agiiogmalytic method.
The results are compared to those obtained by more compteringtion algo-
rithms proposed by by Vu and Paulraj [29] in the interferefree case. Next,
the analysis is extended to other MIMO channels affectedhtarfierence in order
to assess the benefits of covariance optimization versepardlent and uniform
power allocation (corresponding to iid transmitted synsipol

The second-order statistics of the mutual information efabymptotic separately-
correlated Rician fading MIMO channel with interference #re main subject of
Chapter3. This chapter aims at finding an analytic expression forrtimenent
generating functiorof the asymptotic mutual information. The results are based
on thereplica methodand superanalysispowerful tools developed in the con-
text of theoretical physics. Our initial findings are basedlwereplica method
which turned out in the recent past to be a powerful tool tadkasimilar prob-
lems [37, 39, 40, 45]. Basically, we extend the approach bseMoustakaset
al. in [19], though in a nontrivial manner, to the correlatedi&icfading case
and derive the mean and the variance of the mutual informatibhe mean
and variance of the mutual information of a separatelyatated Rician fading
MIMO channel are obtained in the presence of multi-accetesference, when
the number of transmit and receive antennas grows asyrogiigtiarge and per-
fect receive channel-state information is assumed. Theepee of line-of-sight
components induces additional coupling between the sagrainterference parts
(off-diagonal matrix blocks in equation8.81)) in the saddle point approxima-
tion, which makes the calculations considerably compldws problem is solved
by applying the methods a&uperanalysisleveloped in the context of theoretical
physics [31]. Analytic asymptotic results are compared bynk¢-Carlo simu-
lation in order to assess the accuracy of the method even wigenumber of
antennas is small.

In Chapterd we study the ergodic capacity region of the separately ziee
Rician fading multiple access MIMO channel. This chaptespnts an asymp-
totic analytic method, still based on the replica method;alzulate theergodic
capacity regionof a multiple-access MIMO channel with correlated Riciad-fa
ing. The method applies when the number of antennas is vegg laut provides
very accurate approximations even with a small number adfrards. We assume
that full channel state information at the receiver (CSHuvailable and the trans-
mitter knows the statistics of the channel, i.e., the chhdistribution informa-
tion at the transmitter (CDIT), but not the full channel staiformation. Based on
these assumptions, we provide an algorithm to find the maxiengodic sum-rate
achieving covariance matrices of a multiple-access MIM@nctel when the num-
ber of transmit and receive antennas grow asymptoticaijelavith finite asymp-
totic ratios and the number of users and their SNR’s are fifitethis context
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we assume that the multiple-access communication chasaéfeicted by Rician
fading with separate spatial correlation (with a commomnexpart and different
transmit parts). Our results rely on a previous work [42] wehtbe ergodic capac-
ity achieving covariance matrix was obtained for a sepbraterrelated Rician
fading MIMO channel with multiple-access interference iahhextended previ-
ous results due to Moustakastal. [19] relevant to the case of Rayleigh fading.
It is shown by numerical results that this asymptotic appioia very accurate
even when the number of antennas is as low as a few units. §bdiercapacity
achieving covariance matrices for all users are derivedrdang to the algorithm
provided and the corresponding capacity is compared wemihtual informa-
tion achieved by iid power allocation. Monte-Carlo simidas are also reported
in order to verify the accuracy of the asymptotic resultani&ir results for the
separately-correlated Rician fading MIMO channel (withowltiple-access in-
terference) were obtained independently by Dunedrdl. [5], using an asymp-
totic method based on Stieltjes transforms, and by Vu anétr&dR9], using an
interior point with barrier optimization method [46].

The analysis of capacity regions is complicated by interiee between the
communication links(users). The achievable capacity @f lortk can depend on
the transmission strategies of other links. This typicadigults in a coupled sys-
tem with many degrees of freedom. Thus, well-establishethconication strate-
gies for point-to-point links are not always applicable toltiuser systems. Char-
acterization of wireless capacity regions can be quite aavlyespecially when
additional system constraints are considered. This metvan abstract approach
based onnterference functionshich focuses on some core properties.

Chapter5 investigates the system performance limits based on ereite
functions. One main contribution of this chapter is to shbat interference func-
tions can be used to analyse capacity regions (and alsopgHermance regions).
In particular, every comprehensive capacity region carkpeassed as a sub-level
set of an interference function. This facilitates a genieahework for analyzing
performance trade-offs in multiuser networks.

The results of this work, published in [61, 63, 66], show ttiare is a di-
rect correspondence between comprehensive performagmmseand interfer-
ence functions fulfilling the core properties of the inteefece functions. Further
properties, like convexity or log-convexity, can be add€ldis theoretical frame-
work facilitates a general and unifying approach for thdymsa of different kinds
of capacity regions. By focusing on core properties, we ate @ develop a rig-
orous framework which allows for an analytical treatmenheTesults provide
intuition and a roadmap for the development of algorithm®g/iR1. An applica-
tion example is the iterative algorithm for max-min balargcpublished in [60].
Other resource allocation strategies are currently beingstigated in WP1. For
example, interference functions were successfully agpbethe analysis of re-
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source allocation strategies based on cooperative garogy/timeg62, 65].



Chapter 1

Introduction

Jialai Weng

1.1 Multiuser MIMO fading channels

Wireless systems continue to strive for ever higher datsrathis goal is par-
ticularly challenging for systems that are power, bandwidhd complexity lim-
ited. However, another domain can be exploited to signifigancrease channel
capacity: the spatial domain based on the use of multiptestnit and receive
antennas. Pioneering work by Foschini, and Telatar ignitedh interest in this
area by predicting remarkable spectral efficiencies foelegs systems with mul-
tiple antennas when the channel exhibits rich scatteringitanvariations can be
accurately tracked. This initial promise of exceptionadpal efficiency resulted
in an explosion of research activity to characterize thenbtcal and practical
issues associated with multiple-input multiple-output D) wireless channels
and to extend these concepts to multiuser systems. We uteosome recent
work focused on the capacity of MIMO systems for both singgers and multi-
ple users under different assumptions about spatial @diwaland channel infor-
mation available at the transmitter and receiver.

The large spectral efficiencies associated with MIMO chénare based on
the premise that a rich scattering environment providespeddent transmission
paths from each transmit antenna to each receive anteneaefdhre, for single-
user systems, a transmission and reception strategy tpatitsxthis structure
achieves capacity on approximately separate channelgeviti¢ghe number of
transmit antennas and is the number of receive antennas, ddpacity scales lin-
early with relative to a system with just one transmit and i@oeive antenna. This
capacity increase requires a scattering environment sathihte matrix of channel
gains between transmit and receive antenna pairs hasrilarad independent en-
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10 MASCOT D3.1.2

tries and that perfect estimates of these gains are avaidlbhe receiver. Perfect
estimates of these gains at both the transmitter and regwedes an increase in
the constant multiplier associated with the linear scalMgch subsequent work
has been aimed at characterizing MIMO channel capacity rumiee realistic
assumptions about the underlying channel model and thenehastimates avail-
able at the transmitter and receiver. The main question botin a theoretical and
practical standpoint is whether the enormous capacitysgaitially predicted by
Winters, Foschini, and Telatar can be obtained in mores@abperating scenar-
ios and what specific gains result from adding more antennd®na feedback
link to feed receiver channel information back to the traitt@m

MIMO channel capacity depends heavily on the statisticapprties and an-
tenna element correlations of the channel. Recent workéadaped both analyt-
ical and measurement-based MIMO channel models along éthdrresponding
capacity calculations for typical indoor and outdoor eomments. Antenna cor-
relation varies drastically as a function of the scatteengironment, the distance
between transmitter and receiver, the antenna configasgtiand the Doppler
spread. As we shall see, the effect of channel correlatiorapacity depends on
what is known about the channel at the transmitter and recetorrelation some-
times increases capacity and sometimes reduces it. Marebhannels with very
low correlation between antennas can still exhibit a kegledlect where the rank
of the channel gain matrix is very small, leading to limitexpacity gains. For-
tunately, this effect is not prevalent in most environmefitse impact of channel
statistics in the low-power(wide-band) regime has intémggproperties as well.

We focus on MIMO channel capacity in the Shannon theoretisase The
Shannon capacity of a single-user time-invariant charmdefined as the maxi-
mum mutual information between the channel input and outpbts maximum
mutual information is shown by Shannon capacity theoremetdhle maximum
data rate that can be transmitted over the channel withraribytsmall error prob-
ability. When the channel is time-varying channel capabag multiple defini-
tions, depending on what is known about the channel states alistribution at
the transmitter and/or receiver and whether capacity issored based on aver-
aging the rate over all channel states/distributions onta@iing a constant fixed
or minimum rate. In this case, the Shannon (ergodic) cap&cithe maximum
mutual information averaged over all channel states. Tigisdic capacity is typ-
ically achieved using an adaptive transmission policy whbe power and data
rate vary relative to the channel state variations. Othpaci#y definitions for
time-varying channels with perfect transmitter and reeei@SI include outage
capacity and minimum-rate capacity. These capacitiesinegufixed or mini-
mum data rate in all non-outage channel states, which isagkefd applications
with delay-constrained data where the data rate cannoindepe channel vari-
ations (except in outage states, where no data is transinitiene average rate
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associated with outage or minimum rate capacity is typrcathaller than ergodic
capacity due to the additional constraints associated thigke definitions. We
will focus on ergodic capacity.

When only the channel distribution is known at the transeifteceiver) the
transmission (reception) strategy is based on the chanstelbdtion instead of
the instantaneous channel state. The channel coefficientgmcally assumed to
be jointly Gaussian, so the channel distribution is spetifig the channel mean
and covariance matrices. We will refer to knowledge of thanetel distribution
as channel distribution information (CDI).We assume tgioaut the work that
CDl is always perfect, so there is no mismatch between theaC e transmitter
or receiver and the true channel distribution. When onlyrdueiver has perfect
CSI the transmitter must maintain a fixed-rate transmisstogtegy optimized
with respect to its CDI. In this case, ergodic capacity defithe rate that can be
achieved based on averaging over all channel states. Atteely, the transmitter
can send at a rate that cannot be supported by all channe$:siatthese poor
channel states the receiver declares an outage and thmiti@asdata is lost. In
this scenario, each transmission rate has an outage plibpalssociated with
it and capacity is measured relative to outage probabitigpécity CDF). For
single-user MIMO channels with perfect transmitter ancenegr CSI the ergodic
and outage capacity calculations are straightforwardesihe capacity is known
for every channel state.

In multiuser channels, capacity becomes aimensional region defining the
set of all rate vectors simultaneously achievable by alisiSEhe multiple capac-
ity definitions for time-varying channels under differerdgrismitter and receiver
CSI and CDI assumptions extend to the capacity region of thkipte-access
channel (MAC) in the obvious way. However, these MIMO mudBucapacity re-
gions, even for time-invariant channels, are difficult tafifrew capacity results
exist for time varying multiuser MIMO channels, especiallyder the realistic
assumption that the transmitter(s) and/or receiver(sg I&id only.

In this work we studied the ergodic capacity of single user muultiuser in a
correlated Rician fading channel.

1.2 Introduction to Asymptotic Analysis of MIMO
Channel

Wireless communication systems are designed to work imr@mvients with the
minimum possible amount of infrastructure. Their goal igptovide the users
with the freedom to communicate with whomever they want reigas wherever
they are. Since electromagnetic waves, the most populaeisaof digital com-
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munications, propagate to almost any place, each userglthoommunicating
with only a single other user, interacts, in principle, wathother users in the net-
work. Such a setting is hard to press in formulas, in paiciilthe environment
is arbitrary. The failure of the so-calleldrd generation of wireless technology
is, to a large extent, due to a lack of understanding of thedurental principle
governing wireless communications in the presence of maeysuoperating si-
multaneously. This knowledge gap has become a severe bstahe further
penetration of wireless communication devices into modewiety and lifestyle
and, therefore, must be overcome.

Research on the behavior of systems where many bodies nyuiiigract
with many others has been driven forward by physicists forertban a century
studying the interactions of particles in gases, fluids,sidls. Statistical physics
and multiuser communications show strong analogies froonaeptual point of
view. In both cases many objects interact with each otheutyin variables that
are constrained in a certain way. These inter-disciplirmarglogies can be ex-
ploited to advance the understanding and design of futunrel@gs communication
systems. Though the analogies between the two fields do rterieéxoo far and,
in real world communication systems, statistical physéssiits cannot be applied
directly, the engineering community can strongly beneditfithe analytical tool-
boxes developed by physicists. So far random matrix themigjnally studied
to describe spacings of nuclear energy levels, has recéiethost attention in
wireless system analysis and design. In addition, theaaphiethod developed
in statistical physics has entered wireless communicdatiarope with the often
binary nature of wireless communication signals. In wseleommunications,
random matrix theory and statistical mechanics tools haeevehelmingly used
for performance analysis. Many works have used these largfera tools for
actual design of communication systems.

Communication via MIMO channel allows a significant increas spectral
efficiency the information rate per communication link. \'¢hmany recent re-
search works aim to utilize this advantage, it is still noffisiently understood
how the physical properties of these channels translateaohievable signal-
to-interference-and-noise ratios (SINRs) and therefoeestipported information
rates. On the physical side, channel models are based oagatipn measure-
ments. They provide statistics of the propagation betwepaiof transmitter
arrays and receiver arrays in terms of delays, received pwwad directions of
arrival and departure. Statements about the informati@s izapable in the chan-
nel, however, are given in terms of the eigenvalues relatéde matrix algebraic
description of the communication link. Many works aim toldw bridge between
propagation scenarios and the eigenvalues of the covarraatrices of the chan-
nel in order to allow for predictions of channel capacitydmen the morphology
of the physical medium. It is natural to describe a linearetimvariant MIMO
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system by its matrix valued impulse response. The matrinegitaps of the im-
pulse response of the antenna array channel depend on ygaoameters such
as the exact locations of all antenna elements and all scatiebjects, which are
usually modeled as random variables in mobile communioatidhe quality of
the communication link, however, is mainly determined by $mgular values of
these matrix taps. It is well known that the singular valuies large class of ran-
dom matrix ensembles show fewer random fluctuations thedaing matrices are,
and become deterministic in the limit of infinite matrix side the large matrix
limit, the influences of many properties of the matrix ergréee lost, such as the
shapes of their distributions, and in some cases even thstista dependencies
among them. Though the asymptotic distribution of singuédmes is only an ap-
proximation to the distribution in the case of finite-dimemsl matrices, it offers
two important advantages.

1)In contrast to finite-dimensional matrices, the singwialue distribution
of asymptotically large random matrices can be calculatedyéically in many
cases. 2) In the asymptotic limit, only those physical patenms survive that
show significant influence on the singular value distrilbutio

With these two properties, the limiting singular value dizition can help to
analytically extract which physical parameters of the egaliopagation channel
largely determine the quality of a MIMO communication link.



Chapter 2

Ergodic Capacity of the Asymptotic
Separately-Correlated Rician
Fading MIMO Channel with
Interference

Giorgio Taricco,Erwin Riegler

2.1 Introduction

Multiple-input-multiple-output (MIMO) channels have i#tted considerable at-
tention during the last decade because of the promise of higty information
rates at an affordable cost. Seminal works by Winters [38gafar [25], Foschini
and Gans [7, 8] illustrated the principles of MIMO communicas and how to
derive the channel capacity under tieh scatteringassumption, corresponding to
spatially-uncorrelated Rayleigh fading. More recentkperimental and theoreti-
cal works showed that the rich scattering assumption is dftedequate to encom-
pass all the channel characteristic and more sophisticateelated Rician fading
models have been proposed to describe more realistic MIM@radls [9, 10, 21].
Additionally, multiuser interference is known to have asiierable impact on the
achievable information rate and iBaussian approximatiois known to produce
unduly pessimistic results [1, 2].

In the current literature, separately-correlated Rayldagling with interfer-
ence has been considered by Moustakaal. [19] as far as concerns the compu-
tation of the mean and variance of the mutual informatioresgresults have been
extended in [23, 24] to the separately-correlated Ricidimfacase without inter-
ference and, more recently, with interference [20]. Alldbheesults address the
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evaluation of the mutual information when the number of anés grow asymp-
totically large. Many works address the derivation of cétydor specific MIMO
channels such as MISO with separately-correlated Raykghuncorrelated Ri-
cian fading [28], subsequently extended to the MIMO casell3y 27]. These
works derive the eigenvectors of the ergodic capacity &aigecovariance ma-
trix while the eigenvalue derivation is based on other nucaégalgorithms [15].
Other works in the area of MIMO capacity derivation are [14,,26]. In this
contest, but using an asymptotic approach, Dunabretl. provide an algorithm
for the evaluation of thergodic capacityor the separately-correlated Rician fad-
ing MIMO channel without interference [5]. The authors cargtheir results to
those obtained by Vu and Paulraj [29].

In this work we consider the separately-correlated Riczalrfg MIMO chan-
nel with narrowband interference and calculate its chacaghcity with the only
limitation that the receive correlation matrix is commonlboth the intended user
signal and interference. We compare our results with thbsaired numerically
by Vu and Paulraj [29] in the interference-free case. Thanextend our analysis
to other MIMO channels affected by interference and as$eseftect of covari-
ance optimization against iid power allocation (iid trafsed symbols).

2.2 System model and basic results

We consider a narrowband block fading channel witieceive antennas trans-
mit antennas from an intended user, anttansmit antennas from an interfering
source. The channel is specified by the following equation:

y =Hx+Hx; +z. (2.1)

Here,x € C**!is the transmitted signal vector; € C>*! is the interfering signal
vector, H € C™*! is the signal channel matril; € C"*> is the interference
channel matrixz € C™*! is the additive noise vector, agde C"*! is the received
signal vector. Botlx andx; are assumed to have zero mean.

We assume that the additive noise vector contains has zean arel covari-
ance matrixQ , = E[zz"].

The channel matricebl and H; are assumed to be of separately (or Kro-
necker) correlated Rician fading typéth common receive correlationThus,
they can be written as

H= I:I + Rl/2WT1/2

and
H, = H, + R'*W, T},
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whereH and H; represent the average channel matrices related to thenpeese
of a line-of-sight signal component in the multipath fadeigannel, the Hermit-
ian positive definite matriceR, T, T; are the receive and transmit (signal and
interference) correlation matrices, aWd andW; have iidV/.(0, 1) entries.

We define the signal and interference covariance matric€g and Q,;, re-
spectively. In the following we assume that the interfeeeaovariance matrix is
kept fixed and optimization is carried out on the signal cawvare matrixQ under
a power constraint. Following standard conventions [6, 2&] define the Rician
factors as _

a I H|”
- Tr(T) Tr(R) Tr(T;) Tr(R)’

We also define the signal-to-noise power ratio (SNR), therfatence-to-noise
power ratio (INR), and the signal-to-interference powdoréSIR) at the receiver
as

H|*

and K; £ (2.2)

SNR 2 (K +1) Tr( I’() r()R) Tr(Q/t); 2.3)
INR 2 (K;+1) Tr(T;) Tr(R) Tr(Q,/ 9);
Q)
SIR 2 (K+1)Tr(T) Tr(Q/1t)

(Kr+1)T(Ty) Tr(Q;/ )

These power ratios coincide with the correspondieeivedpower ratios when
= (P/t)I, (iid transmitted symbols).
We know [3] that the random mutual information for a givenmwhel realiza-
tion is given by

I(x;y) = Indet(HQH" + H;Q,H" + Q,)
— Indet(H;Q,HY + Q,) nat/s/Hz (2.4)

Then, the ergodic capacity under a power constriirg obtained as

C = Trr(ré%)éPE[I(x, v)l. (2.5)

In order to calculate the capacit®.b) we resort to a recent result allowing to
calculate the average mutual information of a separatetyetated Rician MIMO
channel when the number of transmit/receive antennas grsyvsptotically large [23,
24]. Summarizing, the average capacity when the channebmstd = H +
RY?WT'/2, and the noise and signal covariance matriced,aemdQ, respec-
tively, is given by

E[[(X; Y)] ~ MI(H> R> T> Q) (26)
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nat/complex dimension, where we defined

2.7)

pnr(H,R, T, Q) £ Indet (Ir + wR H > —wz

—ﬁH It + ZT

whereT £ Q'2TQ'?, T, £ Q;*T,Q}*, andw, = can be obtained by solving
the equations

w=Tr {[zIt + T+ TUHA(, + wR)—lﬁ]—l}
- o (2.8)
L =Tr {[er SR ROHT + zT)—1HH]—1}

with H 2 HQ'?, T 2 Q'*TQ">.
This result can be applied to the calculation of the term2id)( In fact, to
calculate

I, = E[lndet(I, + Q' (HQH" + H,;Q,HY))], (2.9)

we can consider the channel defined by
Q,"'y = { ,*(H,H)) (2.10)

—1/251/2 T O 1/2 X -1/2,
+QZ R (W, W[) 0 TI XI + QZ .

Then, we get
I, = ,UI(Hla Rl; T, Ql)

whereH, £ Q,'*(H,H)), R, £ Q,'"RQ,"* T, £ diag(T, T,), andQ, £
diag(@Q, Q). Similarly, defining
I, 2 Ellndet(I, + Q,'H,;Q;HY)], (2.11)

we get
I, = /H(H2,R1,TI,QI)

whereH, £ Q,'/*H;. Thus, we have

C = max (Il — I2)
Tr(Q)<P

:TrI(Iéa’}éP{:U/I(HIJRbTIJQl) MI(I:I27R17TI7QI)}'
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2.2.1 Definition of £,/ Ny and Shannon’s limit

Here we assume that the received noise vector is uncomelspatially white)
and henc&), = NyL,.

We defineE), as the average received signal energy per bit obtained ity
the total average received signal energy by the average\adiie bit rate. Thus,
we have

B, , E[Tr(HQH")]
No  NoE[I(x:y)]

When the average signal and interference powers approaohatlh constant
ratio, we can use the approximatiandet(I + X) ~ Tr(X) (holding for any
nonnegative matriX whenTr(X) — 0) to approximate the average achievable
bit rate @.4) as follows:

In 2. (2.12)

ElI(x;y)] = Ny 'E[Tr(HQH")].

Then, inserting the approximation above in2ol(?, we obtain

E
2 . In2 as Tr(Q) — 0,
No

which is the well known Shannon limit.

Remark 2.2.1 In most research works in MIMO communications, the SNR is
preferred to thds,/ N, ratio as a system cost indicator as it effectively describes
the channel reliability. However, only the,/ N, ratio at the receiver provides

a precise description of the channel behavior in its asytigatity low power
regime.

2.3 Ergodic channel capacity

The ergodic capacity and the corresponding optimum cavegianatrix are de-
termined by maximizing the mutual information under the powonstraint con-
sidered. Following the approach in the previous sectioncaveobtain the mutual
informationI, for any given transmit covariance matiX in the asymptotic an-
tenna setting. Sinck, is independent of), the channel capacity can be obtained
by maximizingI, only, i.e.,

C = {Trr(réz)izgp I1} I, (2.13)

where we assume that the interference covariance m@iris fixed.
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In order to solve the maximization problem we need to maxémizH;, R, T1, Q,),
whereH;, £ Q,'*(H,H)), R, 2 Q;"RQ;"* T, £ diag(T,T,), and
Q, £ diag(Q, Q,), with respect toQ and under the constraifr(Q) < P.
In order to proceed, we I& = Q'/2, S; = Q}/?, andS; = Q}/* = diag(S, S;)
and we write the Lagrangian function:

B Ir —+ le I::[lsl
g(S) = Indet ( _SlﬂH I.5+ ZS1T131)
—wz — )\[TY(SQ) - ]5] (2.14)

where0 < P < P. Next, we calculate the first-order total variation Bf14):
_ A, B
L= T KC Dl)

) Rl(S’LEJ 1:11681
—(SslHlil SlT18152’ + 2(581T181 + SlT15sl)

—wdoz — zow — 2A Tr(SHS) (2.15)
wheredS; = diag(dS, 05«5) and [23]:
A, = [, +wR; + ﬁ1£1t+9 + ZTI)_IIZI?]_I
_ —1
B, = ~( +wRy)” HD, (2.16)
C = (Liys+ 2?1) 1{1 A, B
D, = [It+3 + 2T + H?(Ir + ?URl)_lHl]_l

whereH; 2 H,Q}? andT, 2 Q}/*T,Q}’*. Expanding 2.15 we get:
5L = [Tr(ARy) — z]6w + [Tr(D,Ty) — w]éz
-+ Tr[(—I:I?Bl + Cl]::Il + Z(Tllel + DlslTl))5sl]
—2XTr(S10S4) (2.17)

Since the first two terms ir2(17) are zero whemw, z satisfy €.8), we can see that
the total variation £ is null, provided that the following equation holds:

{HY(L, + wRy)'HD; + (Lus + 2T1) 'HYA H,
+2(T1S:D1 + DS Ty) —2AS1 b1 = 0 (2.18)

where(A),...q IS the submatrix oA obtained by extracting the elements of rows
a to b and columnsg: to d. Then, we can show that:

(I, + wRy) 'H Dy = (L5 4 2T) "HYA M
Therefore, we can simplify2(18 and obtain the following fixed-point equation:
S = A'H[(EN(T, + wRy)TH + 2T1)S1Dy] s (2.19)
whereH(A) £ (A + AM)/2.
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2.3.1 Jensen approximations

In this section we extend the Jensen bound approach propogzg] relevant to
the interference-free case. Itis known from [3,4,16] thatfbllowing inequalities
hold for positive definite matrice&, X (X random):

E[lndet(X)] < Indet(E[X]), (2.20)
E[lndet(I+ X 'A)] > Indet(I+ E[X] 'A) (2.21)

Then, applying2.21), we have

E[I(x;y) | H]
= E[lndet(I, + (H;Q,H" + Q,)'HQH") | H]
> Indet(I, + Q; JHQH")

where we define@,, = E[H,;Q,H" + Q,]. Thus,
E[I(x;y)] > E[ln det(I, + Q,HQH")], (2.22)

i.e., the average mutual information of a MIMO channel witterference is lower
bounded by the average mutual information of the same chavivexe interfer-
ence is replaced by Gaussian noise with the same covariaatce (see also [1]).
Applying sequentially inequalitie2(21) and .20 (even though they have op-
posite directions), we get the followirlgnsen approximation

E[I(x;y)] = Indet(I, + E[H"Q,;H]Q). (2.23)

Hence, we can maximize this approximate mutual informakiprapplying the
standard water-filling approach [3]. If

EH"Q;;H] = UAU",
the optimum covariance matrix is given by

Q,=U(ul, — A", U" (2.24)
wherey. is obtained by solvindr[(uI; — A~"),] = P and(A), is the matrix with

entriesmax{0, (A);; }.

2.4 Numerical results

In this section we present numerical examples based on tlieocheleveloped
before.
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2.4.1 Comparison with the results from [29]

In order to validate the method proposed in this chapter, avepare the results
obtained versus those presented in [29]. Our results asepied in Fig2.1
(channel capacity) and.2 (normalized covariance matrix eigenvalues). Specifi-
cally, Fig. 2.1 reports the capacity obtained numerically in [29] (dotie& lwith
circles), the capacity obtained by our asymptotic apprdaohd line), and the
capacity obtained by Monte-Carlo simulation and using thegmit covariance
matrix obtained by our asymptotic approach (diamonds). Zigreports the nor-
malized covariance matrix eigenvalues obtained numdyioa[29] (dotted lines
with circles) and those obtained by our asymptotic apprdsclhid lines with dia-
monds). In both cases, our results are in close agreemdn{28i.

2.4.2 Impact of interference

We consider a MIMO system with the following parametets= r =>= 4,

K = K; = 10 dB, R, T, T; exponential matriceéa!"~/| with basea = 0.7

in all cases)H, H; with rank one (all-equal entries). Fig2.3to 2.5 plot the
average mutual information f&R = —10, 0, 10 dB, respectively versus tf&NR

and the normalized optimu eigenvalues. The three mutual information curves
correspond to differenf: 1) optimum based on the proposed algorithm; 2) iid
symbols = ¢I,); 3) Jensen approximation; and 4) optimum with Gaussian
interference.

It can be noticed that the gain of the optimum versus iid davae matrix
may exceed 0 dB in some cases. Moreover, the Jensen approximation @evid
extremely accurate results up to some SNR threshold, abbiahvt starts to de-
grade (as can be noticed from F&33). The goodness of the Jensen approximation
decreases (slightly) as the Rician factorgets lower. The channel capacity cor-
responding to the Gaussian approximation of interferesceuch lower than the
true channel capacity 81R = —10, 0 dB, as also evidenced in [2] for a Rayleigh
fading MIMO channel. The difference is more limited in thlR = 10 dB case.

In all cases, we have &88NR threshold, depending on tf#R, above which the
two capacity curves diverge.

2.4.3 Consistency with Shannon’s limit

Previous results reported the mutual information versasStNR defined in4.3).

Fig. 2.6 reports instead the mutual information versus the recegdV, ratio
defined in 2.12. The diagrams show that the results obtained are consisitm
the Shannon’s limit, as discussed in Sectzop.1
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Figure 2.1: Mutual information of thé x 4 MIMO channel proposed in [29].
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Figure 2.2: Normalized eigenvalues of the optimum transmvariance matrix
for the4 x 4 MIMO channel proposed in [29].
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Figure 2.3: Average mutual information of a MIMO channelwihterference
and parameters= r =3>= 4, SIR = —10 dB, K = K; = 10 dB, exponential
R, T, T; with base0.7, H, H; with all-equal entries. Optimum, Jensen, and iid
covariance curves (solid lines: asymptotic, circles: Me@arlo sim.). Optimum
normalized eigenvalues are also plotted.
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4x(4+4) MIMO - SIR=10dB

8 i ‘ ; ; 7
— optimum 40
- = ~iid P o

7T = = Jensen ’
----- Gaussian int.

[¢2]

ol

N

w

Mutual information (bit/s/Hz)

N

-10 0 10 20 30
SNR (dB)

Figure 2.5: Same as Fig.3butSIR = 10 dB.
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Figure 2.6: Same as Fig.3butSIR = 0 dB. Plot of mutual information (opti-
mum and iid covariance) versus receivggf N, ratio defined in2.12).



Chapter 3

Second-Order Statistics of the
Mutual Information of the
Asymptotic Separately-Correlated
Rician Fading MIMO Channel with
Interference

Giorgio Taricco,Erwin Riegler

3.1 Introduction

During the last decade, much attention has been devotecetartalysis of the
capacity of multiple-input multiple-output (MIMO) chanisd36, 43, 44] but only
a few papers considered the presence of multi-accessdargade, corresponding
to a more realistic multiuser MIMO scenario [19, 32—34]. &aty, Chianiet al.
found a closed-form expression of the exact mean capaaitgriauncorrelated
Rayleigh fading MIMO channel with interference [2]. Notitieat assimilating
interference into additive noideads to incorrect capacity resultas properly
evidenced in [2].

Though many studies focused on the case of Rayleigh fadiitty @iffer-
ent correlation structures), several experimental andréteal works showed
that Rician fading needs to be considered to describe matstie MIMO chan-
nels [9, 10, 21]. The interference-free separately-cateel Rician fading MIMO
channel has been recently studied in [4I[he results therein turned out to be a

1 Similar results were obtained independently by Durreiral. [5, 35] by using an asymptotic

28
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powerful tool in order to calculate the capacity achieviogariance matrices in a
multiple access scenario [20,42].

In this work we are interested in finding an analytic expr@ssif themoment
generating functiomf the asymptotic mutual information. Our findings are based
on thereplica methodwhich turned out in the recent past to be a powerful tool
to handle similar problems [37, 39, 40, 45]. Basically, wéeex the approach
used by Moustakast al. in [19] to the correlated Rician fading case and derive
the mean and the variance of the mutual information. Howelierpresence of
line-of-sight components induces an additional couplisgMeen the signal and
interference parts (off-diagonal matrix blocks in equasi@3.31)) in the saddle
point approximation, which makes the calculations highdntnivial. This prob-
lem is solved by applying the methodssafperanalysisleveloped in the context
of theoretical physics [31].

In this chapter we use Latin letters for complex variabtes C and Greek
letters for Grassmann variables= G [31]. Vectors and matrices are written with
lowercase and uppercase boldface characters, respgckeekhe (exponential of
the) trace and the determinant of a matkxwe use the symbok(r( X)) tr(X)
anddet (X)), respectively.

3.2 System Model

We consider a narrowband block fading channel witransmit,r receive and
interfering antennas characterized by the equation:

y=Hx+ Hjx;+ z. (3.1)

Here,y € C’ is the received signal vector; € C! is the transmitted signal
vector with zero mean and covarian@e= E[zx'], ; € C'is the narrowband
interference signal vector with zero mean and covaria@ge= E[z;z;"], and

z € C" is the additive zero-mean noise vector with iid entéggs~ N.(0,1). The
channel matrice#d € C™* and H; € C™** model separately-correlated Rician
fadingwith common receive correlatiohus, they can be written as

H=H+R"H,T"?,

- (3.2)
Hy = H;+ RV H,T1'?,
where H and H; represent the mean values and are related to the presence of
line-of-sight componentsk, T', andT} are receive and transmit (signal and in-
terference) correlation matrices, ahfl, and H,, r have iid (0, 1) entries. To

method based on Stieltjes transforms.
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simplify notations, we define
H 2 HQ'Y?, H; 2 H;Q,'?, (3.3)
T £ 7'2QT"/?, Ty 2 T/ QT /2. (3.4)
Splitting the total received power components into direud diffuse parts we
obtain the Rician factors
tr(R) tr(T) tr(R) tr(Ty)
The signal-to-noise (SNR) and interference-to noise (INf) reads as

snro B+ D tr(R) tr(T)7

r 3 (3.6)
(K7 +1)tr(R) tr(Ty)

with signal-to-interference ratio SIR SNR/INR. We assume that the receiver
knowsperfectlythe channel matrice&l and H;. Thus, the mutual information
conditionedo H and H7; is given by [3], [2]:

and

(3.5)

INR =

7 = I(y;z| H,Hy)
= H(y|H,Hy) - H(y|lz,H, Hy)
. det(I, + HIQ;H;” + HQH")
det(I, + HiQH;")
where’H denotes entropy. Clearly, when considering sheistical variationsof
the channel, the matriced and H; are random variables defined in equation

(3.2. Therefore, the statistical behaviorDis given by a random variable of the
form (3.7) with first two cumulant moments, i.e. mean and variance

, (3.7)

Kz £ EHw,Hw,I[I]> U% £ EHw7Hw,I[I2] _:u%' (38)

Note thatuz is linear inZ, which implies that the influence of interference can
be reduced to the case without interference [2, 42]. Howlrdrigher moments,
and in particular for the varianeg, this isno longer the case

3.3 The Cumulant Generating Function

In order to calculate the cumulant momentsZofve introduce the generating
function

G(a) = Elexp(—aZ)] vV aeCy (3.9)
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and the cumulant generating functigu) = In(G/(a)).
Assuming that7(a) is analytic in a real right neighborhood of allows to
derive the mean and the varianceZoff19]:

pr = —g'(0%), o7 =g"(0%). (3.10)

3.3.1 Rewriting determinants

In order to calculate3.9) we rewrite the determinants in e@®.7). Repeated use
of identity (3.23 yields:

det(I, + HIQ;H;” + HQH")™

= / DCU/ D.V D.W
Crxa Ctxa Cronixa (311)

x etr(—m(UTU + VIV + WIW))
X f(Uv V)fw(U> V)fI(Ua W)fw,I(U7 W),

with £, fu, f1, andf,, ; defined by 8.27). Similarly, repeated use of identit$.5
yields:

det(I, + HiQrH")"
:/ Dg(\Il,\fl)/ D,(,9) (3.12)
G'I‘XQ’GGXT

Gixa7Ga><i
etr(BW + QQ) 1 (P, ¥, Q, Q)h, (T, T, Q Q),

Withﬁf andh,, ; defined in equations8(28). The appearance of the functiofsf;
andh; is due to the line-of-sight components and responsiblehfeicbupling of
the determinants in the saddle point approxima8dh4

3.3.2 Calculating expectations

Using identity .23, we obtain:

EHw7Hw,I[fw(U7 V)fw,I(Ua W)hw,l(\:[’a ‘Il> Q? Q)]
= EHw [fw(U? V)]EHw,I [fw7I(U> W)th(‘Il? \i’a Q? Q)]
— (U, W, %,Q,0) (U, V)[1(U,W), (3.13)

with f, f;,andh; defined in equations3(29 and 3.30.
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3.3.3 Disentangling products and integration

In order to integrate out the Grassmann valued matdce®, 2, Q and the com-
plex valued matrice§/, V., W we have to disentangle the products of matrices
in the exponents of, f;, andh;, which can be done by using identity.25 and
(3.29). After some algebra (omitted for space limitations) we thet following
integral:

Gla) = / du(Ty, Ry) / du(Ts, Ry) / du(Ts, Rs)

/ Dy(©1, C:)1)/ Dy(©2,0) (3.14)
Gaxa7Ga><a Gaxa’GaXa

eXp[_F(TLR17T2,R2,T37R3,@1,@1792,@2)]
whereK, M. T, andT are defined in%.31) and

F 2 —t1(RTy + RyTy + R3T3) + tr(©,0; + 0,0,)
— Insdet (%)
= —tr(Ry Ty + RyTy + RsT3) + tr(©,0; + 0,0,)
—Indet(M) + Indet(K + TM'T) (3.15)

M -T
x‘(f K)'
For this derivation we resorted to the concepts of supemnatd superdetermi-

nant developed in [31], and to the superdeterminant rule o326 in Appen-
dix 3.8.3

sinceX is given by

3.3.4 Saddle point approximation

Contrary to the cas& = K; = 0 developed in [19], matriceK and M are not
block-diagonal so that the determinants 8115 do not factor. This makes the
task of evaluating the saddle point approximation much nsoreplex.

Now, we assume thaB(15 has a replica-symmetric and real saddle point,
hereafter denoted hy, corresponding to

T, =41, T, =t,1, Ts =t31,
R1 = TlIa R2 = 7’2Ia R3 = —7’3Ia (316)
@1:0 @2:0 (:)1:0

@
I
o
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Using the fact thatn sdet (X) = str(ln X) [31, pp. 112] and the multiplicative
property of superdeterminants [31, p. 101], we have thevofig total variation

expansion:

(=) Lk
§lnsdet (%) =) — str((X710%)"), (3.17)

k=1

where

(3.18)

-1 ag—1
3€_1|$53€:(M s M —M \551“)

K'|soT K '|siK

The explicit form of matricedZ ' |s and K ' |5 can be found in eqs3(32 and
(3.349), respectively.

Nulling the first-order terms in the expansiah17) of (3.15 yields the fol-
lowing saddle point equations:

tl = tl"(AKR) t2 = tl"(AKR) t3 = tl"(AMR)
r o= tr(EKT) ry = tr(IKTI) rs = tr(DMTI), (3.19)

with A, and Dy, from equations3.33 and Ak, Fx, andIx from equations

(3.39.

3.4 Asymptotic mean of the mutual information
The leading term of the expansion Bfat the saddle point is given by

F() £ _ In sdet (%) ‘3 —a(tﬂ”l + tg?”g - t37”3)
= Indet K |3 —Indet M |3 —a(tlrl + tzTg — tg’l“g),

after defining the matriced! |s= My ® I, andK |s= Ko ® I, with
I.-rnR —-H
Y I
HI IZ + t3TI
and . - -
R H H;
K, = —E[H T 0
—H; 0 T3y
whereR 2 I, + mR+ R, T 2 I, + 4T, andT; £ I, + t,Ty. Finally, we
obtain the asymptotic mean:

Mz ~ (ln det(K()) — t17"1 — tg?"g) — (ln det M() — t37"3). (320)
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( AL 8 tr((AmR)?) 1+ tr(Cry RByT)
2 1+ tr(ByTiCnR) tr((DaTr)?)
tr((AxR)?) tr(DgkRBKT)+1 tr(AxkRAKR) tr(GxRCk
K & tl"(BKTDKR) +1 tl"((EKT)2) tI‘(BKTDKR) tl"(HKTFK
2 tr(Ax RAxR) tr(Dx RBKT) tr((AxR)?) tr(G g RCkT,

tI‘(CKTIGKR) tl"(FKTIHKT) tI‘(CKTIGKR) +1 JCl"((.l-I{CI‘:'I)i

G A tl"(CKTICMR) —1 tl"(IKTIDMTI)
2 - tl"(AKRAMR) tl"(GKRBMTI) —1

(3.22)

3.5 Asymptotic variance of mutual information

The second-order term in the expansion fLf) at the saddle poin§ is given
by:

By 2 L@ 0 Js — 108100, + 60,00,)

— tr(5R15T15R25T2 — 5R35T3)

Defining the matricedVl,, K>, andG- as in ed. 8.22 on page33, the contour
integrals can be evaluated and yield the following result:

det(G2)2 “
Gla) ~ exp(=F) (— det(Ms) det(K2)) ‘

Therefore, the asymptotic variance is given by:

02 ~ —Indet(Ks) — In(— det(My)) + 2 In det(Ga). (3.21)

3.6 Numerical results

We consider a MIMO channel with = r = i = 4 antennas, SNR of(0 dB,
K =10dB, andK; = 5 dB. We assume that the average channel matifesd
H; are multiple of the all- matrices and the spatial correlation matri@&sTy,
and R have basex = 0.7. Figs.3.1and3.2 plot the average mutual information
mean and standard deviation versus the SIR. Thin lines daenelol by regarding
interference as Gaussian noise. They show a considerahletien of the mean
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Mean [SIR]

2 1‘1 é é l‘O 1‘2 1‘4 1‘6 1‘8 20

SIR(dB)
Figure 3.1: Average mutual information mean for MIMO as action of SIR.
T,T;, and R have baser = 0.7. SNR = 10dB, K = 10dB, andK; = 5dB.
Solid lines: Q is proportional tol ;. Dashed lines@Q is optimized to achieve the

asymptotic ergodic capacity [42]. Thin lines: interferemeregarded as Gaussian
noise. Circles: Monte-Carlo simulations.

and of the standard deviation in the low SIR regime. In botkesasolid lines
correspond taQ proportional tol; and dashed lines are obtained by optimizing
Q to achieve the asymptotic ergodic capacity [42]. It can b#&ced that both the
mean and of the standard deviation are higher wQeis optimized in the low
SIR regime. Circle markers, corresponding to Monte-Camouations, show
an excellent agreement with the asymptotic results evema femall number of
antennas.

3.7 Conclusion

We calculated the asymptotic meand variance of the mutual information of a
separately-correlated Rician MIMO channel with interfere in a very general
setting. Our development involves the usesaperanalysi$31] to deal with the
coupling of the signal and interference part induced by ithe-bf-sight compo-
nents in the saddle point approximation.
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Figure 3.2: Average mutual information standard deviaéisera function of SIR.
Channel parameters and curves as in Bid.

3.8 Appendix

3.8.1 Identities for complex valued matrices

Identity 3.8.1 [19,41] (Completing the Square) L&k, B be a complex, Hermit-
ian, positive definiten x m andn x n matrix, respectively, an@', D ben x m
complex matrices. Then

/ D.U etr(—m(AU" BU + C"U + U" D))
Cnxm

= det(A) " det(B) ™etr(rA'C”B'D). (3.23)
Identity 3.8.2 [19] (Hubbard-Stratonovich Transformation) Ldt B, R, and

T be complexn x m matrices. Define the contour§T', R) for the elements of
R andT over the real and imaginary axis, respectively. Then,

etr(—AB) = / du(T, R) etr(RT — AT — RB). (3.24)

3.8.2 Identities for Grassmann valued matrices

Identity 3.8.3 [19] (Completing the Square) Let, B be a complex, Hermitian,
positive definiten x m andn x n matrix, respectively, and®, =2 be Grassmann
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valuedn x m matrices. Then
/ D,(¥, W) etr(AVBY + EV + U®)
anrn‘Gan
= det(A)"det(B)™ etr(—A_IEB_IQ). (3.25)

It is important to note that matriceb and ¥ areindependenandnot related by
an involution, like Hermitian conjugation in the complexea

3.8.3 Supermatrices, superdeterminant and supertrace

Borrowing from [31, p. 82] , we calsupermatrixa matrix composed in part by
complex entries and in part by Grassmann variables. We sested in particu-
lar to the following block supermatrix:

M -T
In this case, the superdeterminadtt (X) and the supertracer(X) are given
by [31, p. 99

{ sdet (X) = det(M) det(K + M ~'T)"!

str(%) = tr(M) — tr(K). (3.26)

3.8.4 Definition of functions and matrices

etr(—r(UPAV — VIA"U))

) 2 etr(—n(UTHW — WA, U))
2 etr(—n(T/?Q/*WUH RY?

% H’w,I o Hw IHR1/2UWHQ11/2T11/2)).

g
c
=

(>

(3.27)

2 otr(QH; @ — VH;Q)
ho (0,0, Q,Q) £ etr(T;*Q,*QPR*H,, ; (3.28)
. w’IHRl/Q\I,QQIlmTIl/z)
FU,V) 2 etr(—n*(VATVU RU))
(U, W) 2 ctr(—m2(WHT, WU RU)).
(U W, ¥ QQ) 2 etr(QTQURY)
X etr(—m(PRUWHTQ + QT WU RW)).

(3.29)

(3.30)
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I,,+ R HsI, H; o1,
K2| —A"91, I,,+ToT," 0
—EIIH(XJIQ 0 L, +Tr 0T,
apoTe-RoRT  —Hiol, )
HI ®Ia Iia+TI®T3 (3_31)
re R®©," 0 0
- 0 0 Ty R0,
i R20," 0
rs 0 0
0 TI®C:)1T
withR2 R R," + R® R,".
Ay B
M |s= MM 1, 3.32
with
AM é (I,« —|—T3R+IZII(IZ' +t3T1)_lﬁIH)_l
BM é(I,«"‘T:;R)_lﬁIDM
- _ (3.33)
CM é - (IZ'—thTI)_lHI AM
DM é(Ii+t3TI+ﬁ1H(IT+7‘3R)_1ﬁ1)_1.
K'|s=| Dk Ex Fx |®I,, (3.34)

Gk Hg Ik
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2 (R+AT H' + B HY
2 _ R '(HEx + HHg)
— R (HFx + HiIg)

T,+H, R H;) 'H, R H)' (3.35)

£ _ (TI + ﬁIHﬁ_lﬁI)_lﬁIHﬁ_lﬁEK
TN (TI + _EIIHR_I_EII — _EIIHR_I_EI
T+H'RA-H 'R H)



Chapter 4

On the ergodic capacity region of the
separately correlated Rician fading
multiple access MIMO channel

Giorgio Taricco,Erwin Riegler

4.1 Introduction

An important problem of network information theorem is theridation of the
achievable rate region of a multiple-access channel. lie giintense research
efforts carried out through the recent decades, there as¥adeopen problems
in this area that have wide implications for the theory of cmmications and
computation [47].

The multiple access channel achievable rate region is thef sate vectors
that are achievable by the different channel users and hes $tadied exhaus-
tively in the literature [47]. The achievable rate regiomsats a simple expression
for the Gaussian multiple access channel that has beendextéo the Gaussian
multiple access MIMO channel by et al.[53] who provided an iterative water-
filling algorithm aimed at finding the optimum user signal anance matrices
that maximize the sum-rate of the channel. Their resultiappthen the multiple
access MIMO channel is perfectly known at the transmitter ainthe receiver.
However, when only the channel state information at theivec€CSIR) is avail-
able, the problem of finding the maximum ergodic sum-rateesing covariance
matrices is still open in the general setting [48]. Nevdebg, a notable result in
this area has been provided by Hasdlial. [11], who proved that the ergodic and
outage achievable rate region increases (as sets) moocalgmwith the singular
values of the line-of-sight component of the channel matrix

40
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In this work we assume that the receiver has full CSIR and riduesmitter
knows the statistics of the channel, i.e. the transmitterdiannel distribution
information (CDIT). Based on these assumptions we provigelgorithm to
find the maximum ergodic sum-rate achieving covarianceiogsiof a multiple-
access MIMO channel when the number of transmit and receitenaas grow
asymptotically large with finite asymptotic ratios and tlheniber of users and their
SNR'’s are finite. In this context we assume that the multggleess communica-
tion channel is affected by Rician fading with separateiapabrrelation (with a
common receive part and different transmit parts). Ourltesaly on a previous
work [42] where the ergodic capacity achieving covarian@rix was obtained
for a separately-correlated Rician fading MIMO channehwitultiple-access in-
terference, which extended previous results due to Moasttkal. [19] relevant
to the case of Rayleigh fading. Similar results for the safedy-correlated Ri-
cian fading MIMO channel (without multiple-access inteefiece) were obtained
independently by Dumordt al. [5], using an asymptotic method based on Stielt-
jes transforms, and by Vu and Paulraj [29], using an intgomint with barrier
optimization method [46].

4.2 System model

We consider a narrowband multiple access separatelylatadeblock Rician fad-
ing MIMO channel with™ users witht,, transmit antennas for each ugee K £
{1,..., K} and a single receiver withreceive antennas. The channel is charac-
terized by the following equation:

y=> Hix; +z (4.1)
kel

Here,x;, € C'**! is the transmitted signal vector of userH, € C"*% is the
channel matrix of usek, z € C"*! is the additive noise vector, ande C™*! is

the received signal vector. Eagl is assumed to have zero mean with covariance
matrix@,. We assume that the additive noise vector has zero mean aadate
matrix Q , = E[zz"].

The channel matriced,, are assumed to be of separately (or Kronecker) cor-
related Rician fading typeith common receive correlationThus, they can be
written as

H, = H, + R"*W, T}> VkeKk,

where, for each usekt, H, represents the average channel matrix related to the
presence of a line-of-sight signal component in the muttipading channel, the
Hermitian positive definite matriR characterizes the spatial receive correlation
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component, and the Hermitian positive definite matrifgharacterize the spa-
tial transmit correlation component. The random matri®és have iid V,(0, 1)
entries.

Following standard assumptions [6, 41, 42], we define the Ractor of user
k as

wra 4.2)
P Tr(Ty) Tr(R) '
and the signal-to-noise power ra8lR, of userk as
R

Tr(Q7)

Notice that the latter assumption allows to overcome thigcdifies related with
the consideration of the receive SNR

E[Tr(H,Q, H})]
Tr(Q7)

which arise when we try to make any optimization based onafsetnsmit power
constraints of the typ®r(Q,) < P, since the receive SNBNR,, grx iS not propor-
tional toTr(Q,) (unlessQ,, is a multiple of the identity matrix). The assumption
Q. = %Itk will be referred to in the following asd power allocation

SNR]%RX £

4.3 Ergodic Capacity Region

Let Rx £ (Ry,...,Rg) € Rf be the vector of rates for all useksc K and
denote byS £ {ki,...,ks} C K subsets ofC with complementS¢ £ K\ S.
Then, the achievable rate region of the multiple accessreiaran be defined by
extension of the results from [47] as the set:

R = {R;c € Rf | Z Ry < E[I(xs;y|xs)]VS C IC}, (4.4)
keS

wherexs = (x; | k € S) and

E[I(xs;y[xse)] & E[lndet(HsQsHE + Q)]
—Indet(Q), (4.5)

with

Hs 2 (H, | ke S) and Qs = diag(Q,, | k € S). (4.6)
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We restrict our attention to the dominant face

DA2RN {RK eRE S Ry :E[I(x;y)]}, 4.7)
kel

wherex = x, and
E[I(x;y)] = E[lndet(HQH"” + Q)] — Indet(Q ) (4.8)

with H & Hx and@ 2 Q. The reason for this is that every poiRic € R
is dominated by (i.e., it has no rate component higher thgmiat in D. The
ergodic capacity of the multiple access MIMO channel is aefias

A
O quden, BGSY) (.9)

with power constraint3r(Q,) < P, (k € K). The corresponding achievable
rate region will be sai@rgodic capacity region

In order to solve this optimization problem we resort to aergaesult allow-
ing to calculate the average mutual information of a sepbratorrelated Rician
MIMO channel when the number of transmit and receive antegrav asymptot-
ically large [41,51]. Summarizing, &g, r — oo with 0 < ¢ /r < oo, the asymp-
totic average mutual information with channel matiik = H + R'/?WT'/?
noise covarianc€?, = I,., and signal covariana®, is given by

E[I(x;y)] ~ n(H, R, T, Q) (4.10)
nat/complex dimension, where we defined

I. +wR H

H,R,T 2 Indet ~ ~
:ul( [k >Q) nde < _HH It—|—2T

) —wz (4.11)

whereT £ Q'>*TQ"? andw, » can be obtained by solving the equations

w=Tr {[zIt + T+ TUHA(, + wR)—lﬁ]—l}
N L (4.12)
L =Tr {[er +R 4+ ROHAT + zT)—lﬂH]—l}

with H 2 HQ'/? andT £ Q'/>*TQ"/>. The solution of eqs4(12 can be shown
to be a pair of positive real numbers. Egg1() and @.12 have been established
independently in [49] for the uncorrelated Rician MIMO cheh

This result can be applied to calculate the average muttahnation @.9):

EI(x;y) = wm(Hz, Rz T, Q),
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where we definedl, £ Q,"*(H, | k € K), Rz £ Q;'°RQ,"?, andT £
diag(Ty | £ € K). The optimum covariance matrix is obtained by maximizirg th
average mutual informatiod(8) under the power constraints(Q,,) < P (k €
K).

Then we notice that the constraints of this optimizatiorbpem satisfy Slater’s
condition so that the Karush-Kuhn-Tucker (KKT) conditiemiecessary and suf-
ficient for optimality [46]. Therefore, we define the Lagraangdual function:

IT+wRZ ﬁZ
LSk | ke K) = Indet ~ -
Belkek) = Inde ( —HY It+zT>

—wz =Y M[Te(S}) — B, (4.13)
kel

where0 < P, < P, Sy 2 Q/°,S 2 Q'?, H, £ H,S, T £ STS, and
t £ Y,k te- Next, the KKT condition is derived by calculating the firstler
total variation of 4.13):

B A, B
o - [(&E)

—6SHY STSdz + 2(5STS + STIS)

—wéz — 20w — 2 Y A\ Tr(Sx0Sy), (4.14)
kel
where [51]
A, = [I+wRy+Hy(I, + 2T)tHY] !
— —177
Bl - (IT +’EU:E{Z")/H HZDI (415)
Cl = (It +ZT) 1HZA1
D, = [+ 2T +HYI, +wRz)'Hy| .

Since we have fron¥(12 w = Tr(D,T), = = Tr(A;R), and [42]
(I, + wRy) "H,D; = [(I, + 2T) 'HY A, ",
we end up with:
L = 2Tr(H[EY (I, + wRyz)'H; + 2T)SD,sS)
—2> " A Tr(SkdSy), (4.16)

kel
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whereH[A] £ (A + AM)/2. Thus, the first order total variatiofi. is null (and
the KKT condition is satisfied) provided that

Sk = A\ H[(HY(I, + wRy,)'Hy, + 2T)SDy] |1, (4.17)
whereA|, is the submatrix ofA obtained by extracting the elements of the rows

and columns with indexes frofn"' t; + 1 to -7, ¢;, and)\, is obtained from
the constrain®r(S?) = B, namely,!

\ \/ Tr{{H[(A%(L, + wRy)~"H, + 2T)SD,] |,}2}

B (4.18)
Ifall S, (k € K) satisfy equation4.17), we define
Qo £ diag(S? | k e K) (4.19)

the optimumcovariance matrix, which can be found using the followingoal
rithm:

Algorithm 1 (Iterative water-filling — optimum covariance)
initialize S ‘k: \/Pk/tkltk> kel
repeat
fork=1t0 K
obtain )\, from(4.18
setS ‘k: )\IZIH[(I:IE(IN + sz)_lI:IZ + ZT)SDl] ‘k
end
until S converges. Se&p, = S

4.3.1 Jensen approximation

Here we consider an approximation of the mutual informakiaged on Jensen’s
inequality and derive the covariance matrices that mavaniaVe known from [4,
16,47] that the following inequalities hold for positivefuhéte Hermitian matrices
A, X (with X random):

E[lndet(X)] < Indet(E[X]), (4.20)
E[lndet(I+ X 'A)] > Indet(I+E[X]'A). (4.21)

! The positive definiteness &, derives from the positivity ofv, z.
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Applying inequality @.21) to the mutual informatior4.8) gives:

E[I(x;y)]
= E[lndet(HQH” + Q)] — Indet(Qy)

(
= E[lndet(H;Q;H! + Q)] — Indet(Q )
+ E[lndet(I, + (H;Q;H" + Q) "H,Q,H})]
> E[lndet(H;Q;H} + Q)] — Indet(Q,)
+ E[lndet(I, +QIZkaQka)] (4.22)

where we defined; £ Hy\ (1}, Q; = Qi\zy, aNAQ 5, £ E[HEQRHE +Q,]
for k € K. Then, applying4.20 to the last term in4.22), we obtain
E(ln det(I, + Q7  H:Q,H})]
< Indet(I, +EH;Qr; HQ,) (4.23)

Finally, if we treat inequalities as approximations, thetmaliinformation 4.8) is
approximately given by

ElI(x;y)] ~ E[ndet(H;Q;HY + Q)] —Indet(Q,)
+ Indet(L, + E[H}Q;; H,]Q;) (4.24)

for anyk € K and the last term can then be maximized by water-filling [47].
Thus, we callensen approximatiate set of covariance matric¢®; . | k €
K} that maximize

Indet(I, + EH} Q7 HQ)) (4.25)
for all £ € K and denote by
Q= diag(Q;; | k € K) (4.26)

the Jensen covariance matrixhere the matrice®;, can be found by using the
following algorithm:

Algorithm 2 (Iterative water-filling — Jensen approx.)
initialize Q |x= (Py/tx)1;,, k€ K
repeat
fork=1t0 K
factorE[H}Q;; , Hy] = UpA, U
solveTr[(uply, — AY) ] = Py for puy 2
setQ |,= Uk (e, — AL+ UY
end
until @ converges and then all the terr 25 are maximized.

2(A); is the matrix with entriesnax{0, (A);;}
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4.4 Numerical results

In this section we present numerical results illustratihmgdccuracy of the asymp-
totic analytic optimization of the sum-rate capacity. Wesider the following
scenarios:

1. Multiple-access channel witkh = 2 users witht;, = 4 transmit antennas
and withr = 4 receive antennas, all users have the same SNR.

2. Multiple-access channel witR® = 4 users witht, = 4 transmit antennas
and withr = 4 receive antennas, all users have the same SNR.

3. Multiple-access channel witR = 4 users witht, = 4 transmit antennas
and withr = 4 receive antennas. There are thsgeng usersvith the same
SNR and onaveak usemwith SNR 10 dB below the strong user SNR. This
scenario allows to assess thear-far effecof the multiuser MIMO system
considered in [52].

In all scenarios it is assumed that the line-of-sight magld,, have all constant
entries (i.e.,(Hy);; = 1 for all & € K), the spatial correlation matrices are of
exponential type (i.e(R);; = o/l and(T});; = a) 7' with basesy = 0.7 and
ay = 0.7 for all k € K), and the Rice factors ad€} = 10 dB for all k =€ K.

4.4.1 First scenario (X = 2), symmetric

Figs. 4.1 and 4.2 refer to the first scenario described above and illustrage th
achievable rate regions corresponding to the optimum @ves and iid power
allocation (Fig4.1) and to the optimum and Jensen covariance matrices4Fy.
for several user SNR values. Solid and dashed lines are lmasé#te analytic
asymptotic approximations with the corresponding covenéamatrices. Mark-
ers are based on Monte-Carlo simulations correspondingetsame covariance
matrices. It can be noticed that there is always an excedlgraement between
analytic asymptotic approximations and Monte-Carlo satiahs. This also con-
firms the accuracy of the optimum covariance matrices denvith the analytic
asymptotic approximation.

Fig. 4.1 shows a considerable difference between the achievaldeegion
corresponding to the optimum covariance matrix and thatesponding to iid
power allocation. As expected, the differences get lowehasuser SNR’s get
larger but are still notable &0 dB. Fig. 4.2 instead shows that Jensen approx-
imation is very close to the optimum for moderate SNR'’s thotlge difference
becomes noticeable abovg dB.
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Figure 4.1: Achievable rate region of the MIMO multiple assehannel for sce-
nario 1 (X = 2 users)SNR;, € {—10,—5,...,15,20} dB. Solid lines correspond
to the optimum covariance matr@, from eq. é.19. Dashed lines correspond
to iid power allocation. Markers correspond to Monte-Cailoulations with the

corresponding covariance matrices.
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Figure 4.2: Same as Fig.1but dashed lines correspond to the Jensen approxi-
mation covariance matrig ;.

4.4.2 Second scenarioi{ = 4, symmetric)

The capacity of the second scenari® (= 4) is reported in Fig4.3. In this
case the achievable rate region cannot be illustratedtiires it would require
a four-dimensional picture. However, it is completely detimed by the four
achievable sum-ratds|I(xs; y|xsc)] corresponding taS| = 1 to 4, because of
the symmetric choice of parameters and user SNR’s. In theefigolid curves
correspond to the asymptotic optimum covariance matrid@shed curves to iid
power allocation, and dash-dot curves to Jensen appraximaEach type of
curve corresponds ti5| = 1 to 4, from bottom to top. Markers represent cor-
responding Monte-Carlo simulation results. Again, it cembticed that there is
always an excellent agreement between analytic asymgtpgiooximations and
Monte-Carlo simulations, which confirms the accuracy ofdpgmum covariance
matrices derived with the asymptotic approximation.

It can be noticed that there is a close correspondence betsgenptotic op-
timum and Jensen approximation results over the SNR ranggdered. On the
contrary, the diagrams display marked differences betvegdéimum/Jensen and
iid results, that confirm the consistent suboptimality dfpower allocation.



50 MASCOT D3.1.2

4.4.3 Third scenario (K = 4, asymmetric)

The capacity of the third scenario is illustrated by Figst and4.5. The as-
sumption of having three strong users and one weak user éwithdB-lower
SNR) implies that the achievable rate region is determined Bum-rates for
every SNR, four of which are included in Fi4.4 and three in Fig4.5. More

precisely, Fig.4.4 shows the sum-rateB|I(xs; y|xsc)| corresponding t&S =

{1}, {k}, {1, k}, {k, K’} with k&, k" # 1 (from bottom to top). Figd.5shows the
sum-rates corresponding$o= {1, k, k'}, {k, k', k"},{1,2,3,4} with k, k', k"

1 (from bottom to top).

In all cases, iid power allocation is again shown to be carsidly suboptimal
while the Jensen approximation covariance matrices turmoogive a very good
agreement with the asymptotic optimum results in the rarfigN\&R considered.
Markers report corresponding Monte-Carlo simulations emafirm, again, the
accuracy of the asymptotic approximation.

4.5 Conclusions

We presented an asymptotic analytic method to calculateetpedic capacity
region of a multiple-access MIMO channel with correlated Riciadifg. The
method applies when the number of antennas goes to infinityiblads very ac-
curate approximations even with a small number of antennas.
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Figure 4.3: Average mutual informati@tif (xs; y|xs-)] versusSNR,, for scenario

2 (K =4 users) andS| = 1, ...,4 (from bottom to top). The results refer to the
optimum @.19, Jensen4.26), and iid power allocationk* = 10 dB, T, andR.
are exponential with base7, r = 4, t, = 4 for all k£ € K. Markers correspond to
Monte-Carlo simulations.
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Figure 4.4: Same as Figt.3 but for scenario 3 [asymmetric, weak user 1
with (SNR;)qg = (SNRy)qs — 10]. The curves in this figure refer t6 =
{1}, {k} {1, k}, {k, K’} with &, k" # 1 (from bottom to top).
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Figure 4.5: Same as Figl.4 but the curves in this figure refer t6
{1,k K"}, {k, K K"}, IC with k, k', K” # 1 (from bottom to top).
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Chapter 5

Characterization of Capacity
Regions by Means of Interference
Functions

Holger Boche, Martin Schubert

5.1 Characterization of Capacity Regions by Means
of Interference Functions

The analysis of capacity regions is complicated by interfee between the com-
munication links (“users”). The achievable capacity of bnk can depend on the
transmission strategies of other links. This typicallyutesin a coupled system
with many degrees of freedom. So well-established comnatioic strategies for

point-to-point links are not always applicable to multiusgstems.

A well-known example is the capacity region of the GaussidW® multiple
access channel (MAC), and its dual broadcast channel (B&5&, 68]. A thor-
ough understanding of the underlying performance trafiei®bften the basis for
the development of efficient multiuser transmission stjige For example, the
characterization of the aforementioned MIMO broadcasbregas accompanied
by a search for optimum communication strategies.

However, these results only hold under certain conditidfa. example, the
transmit strategies for MIMO broadcast channels propas¢ai—56] rely on the
BC/MAC duality. If the transmit strategy is constrained te lnear, then the
existence of such a duality is still unknown. If we furthenstrain the system
by forbidding time sharing or rate splitting, then the capacegion can even
be non-convex [67]. For more complicated channels, e.gayrehannels, the
characterization of the capacity region is an open problem.

54
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This discussion shows that the characterization of wisetegacity regions
can be quite complicated, especially when additional systenstraints are con-
sidered. This motivates an abstract approach, which feocoisesome core prop-
erties. A typical property, for example, is that the perfanoe of any link can
be reduced without leaving the feasible region. This “monatity behavior” is
known ascomprehensivenegsa game-theoretical context [58].

5.1.1 Comprehensive Performance Sets

Before providing detailed definitions for comprehensivaneve need some nota-
tional conventions.

e £ ={1,2,..., K} isthe set of users (communication links).

e The set of non-negative reals is denotedfy. The set of positive reals is
denoted byR, , .

e Matrices and vectors are denoted by bold capital letterdaltilowercase
letters, respectively. Laj be a vector, thep, = [y]; is thelth component.

e A vector inequalityr > y meansr, > y, for all k. The same definition
holds forz > y.

Definition 1 A setY c R¥ is said to beupwards-comprehensivkfor an arbi-
trary v € V,

v>v = vev. (5.1)

The set) is said to bedownwards-comprehensivigfor an arbitrary v € V,
v<v = v evV. (5.2)

A useful concept for analyzing interference-coupled caghpnsive systems
is the framework of interference functions [57]. A genengiview on this frame-
work was already shown in the previous deliverable D.3.hd the related refer-
ence [64].

The main contribution of this deliverable (the correspogdbaper was pub-
lished in [63]) is to show that interference functions cambed for the analysis of
capacity regions (and also other performance regions)aittiqolar, every com-
prehensive capacity region can be expressed as a sub-é¢\aflan interference
function. This facilitates a general framework for anahggperformance trade-
offs in multiuser networks.
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5.1.2 Level Sets and Interference Functions

We start with an introduction of general interference fiorcs.

Definition 2 We say thaf : R, — R, is aninterference functioff it fulfills
the axioms:

Al (positivity) Z(p) >0
A2 (scale invariance) Z(ap) =
A3 (monotonicity)  Z(p) >Z

aZ(p) VaeR,,

(p) ifp>p

These properties are quite intuitive when we thinkpot= [p;,...,px|" as a

vector of transmission powers, afi@p) as the resulting interference. However,

other interpretations are possible. Some examples aredgah\e.g. in [57,59,64].
Let's analyze the interference functi@iip). It was shown in [63] that every

interference function satisfying A1-A3 has a min-max repreation. In order to
explain this result, we need the definition of relative ctheess.

Definition 3 A setV C R¥, is said to berelatively closedn R, if there exists
aclosed sefd C R* such thaty = ANREK,.

Consider level sets

(T)={p>0:Z(p) < 1} (5.3)
() ={p>0:1(p) > 1} . (5.4)

&~ I

SinceZ(p) is continuous [57], the sets(Z) and L(Z) are relatively closed in
RE., . From property A3, it follows that the sets are comprehensiv
We have the following result [63]

Property 5.1.1 LetZ be an arbitrary interference function fulfilling A1-A3, the

. Pk
A = — 55
(p) ﬁg& ) I?Ea’é( Dk (5:5)

= max min& ) (5.6)
PEL(T) kX P

That is, every interference function can be interpretedrasimization over
elementary interference function, where the varigblis chosen from a closed
comprehensive level set.

Conversely, we can start with a closed comprehensive pesét (e.g. a ca-
pacity region), and show that this set can be expressed aslaét of an interfer-
ence function. This leads to the following observation [63]
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Property 5.1.2 Every closed comprehensive positivel¢ean be expressed as a
sub-level set

U={ueRE, :Clu)<1}. (5.7)

The set/ is closed comprehensive positive if and onlg'{fu) is an interference
function.

Hence, there is a direct correspondence between inteciefenctions and com-
prehensive performance regions.

An extension to other types of performance regions can badon [66],
where the supportable region of a multiuser system withclagvex interference
functions is analyzed.

Definition 4 We say thaf : R — R, is alog-convex interference functiah
A1-A3 are fulfilled and in additiofi (exp{s}) is log-convex ofR¥.

It was shown in [57] that every convex interference funci®a log-convex in-
terference function, but the converse is not true. Notg, tthia statement only
holds true with the change of variabfe = exp{s}. Thus, the family of log-
convex interference functions is more general than thelyaofhiconvex interfer-
ence functions. The log-convexity property is useful fog #mnalysis of certain
types of performance regions (e.g. SIR feasible sets).i$Higther investigated,
e.g. in [62,65].

In the context of capacity regions, we are mostly interest@dnvex regions.
Convexity simplifies the taks of resource allocation. A commndesign goal is to
find a Pareto optimal point on the boundary of the region.

The assumption of convexity is typically justified by timeasing are rate
splitting arguments. An analysis of convex performanceoregwas published
in [61]. In this publication, the following result was shown

Property 5.1.3 Every closed comprehensive positive convex utility sebeasx-
pressed as a sub-level set

U={ueRE, :Cu)<1}. (5.8)

The set/ is closed comprehensive positive convex if and ordy(if) is a convex
interference function.

This shows how basic properties of interference functiosagransferred to prop-
erties of utility sets, and vice versa.
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5.1.3 Discussion

The results of this work package, published in [61, 63, 66fvsthat there is a
direct correspondence between comprehensive perforrmagmms and interfer-
ence functions fulfilling the properties A1-A3. Further peoties, like convexity
or log-convexity, can be added.

This theoretical framework facilitates a general and undyapproach for the
analysis of different kinds of capacity regions. By focgsaom core properties, we
are able to develop a rigorous framework which allows forrzalical treatment.
The results provide intuition and a roadmap for the develaqmtrof algorithms in
WP1.

An application example is the iterative algorithm for maxirbalancing pub-
lished in [60]. Other resource allocation strategies ameecily being investi-
gated in WP1. For example, interference functions wereessfally applied to
the analysis of resource allocation strategies based opecative game theory
in [62,65].
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